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ON THE STRUCTURE THEORY OF THE IWASAWA 
ALGEBRA OF A p-ADIC LIE GROUP 

OTMAR VENJAKOB 



Abstract. This paper is motivated by the question whether there is a nice 
structure theory of finitely generated modules over the Iwasawa algebra, i.e. 
the completed group algebra, A of a p-adic analytic group G. For G without 
any p-torsion element we prove that A is an Auslander regular ring. This result 
enables us to give a good definition of the notion of a pseudo-null A-module. 
This is classical when G = Z^ for some integer k > 1, but was previously 
unknown in the non-commutative case. Then the category of A-modules up 
to pseudo-isomorphisms is studied and we obtain a weak structure theorem 
for the Zp-torsion part of a finitely generated A-module. We also prove a 
local duality theorem and a version of Auslander-Buchsbaum equality. The 
arithmetic applications to the Iwasawa theory of abelian varieties arc published 
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Introduction 



The increasing interest in the Iwasawa algebra, i.e. the completed group algebra 

A(G) = Zp[G] 

of a compact p-adic analytic group G stems at least from the following two rea- 
sons: Firstly, in a purely algebraic sense A(G) is a prototype of a "regular" - in 
general non-commutative - ring. It seems very likely that the category of finitely 
generated A(G)-modules, which we denote by A(G)-mod, has a very rich struc- 
ture, and our aim is to give some initial evidence in this direction. Secondly, 
compact p-adic Lie groups occur naturally in arithmetic geometry as the Galois 
groups of certain infinite extensions of a number field k, for example, k^ could 
be taken to be the field obtained by adjoining to k the coordinates of all p-power 
division points on some abelian variety defined over k. It is then natural to study 
certain arithmetic objects defined over k^ (for example, the p-Hilbert class field 
of koo or the Pontryagin dual of the Selmer group of an abelian variety over koo) 
as modules over the Iwasawa algebra A(G) (cf. |16| , flQfl , ||). Though this last 



aspect widely motivated our study of A(G) the results of this paper are "purely 
algebraic". For a detailed discussion of its arithmetic applications we refer the 
reader to |29] and a forthcoming paper |35| . 



Let us assume for simplicity that the p-adic analytic group G is torsion-free and 
a pro-p-group. Then, A(G) is a (both left and right) Noetherian ring without 
zero-divisors. Furthermore, by results of Brumer it is known that A(G) has finite 
projective dimension equal to pd(A(G)) = dim(G) + 1, where dim(G) denotes the 

1991 Mathematics Subject Classification. [. 

Key words and phrases. Iwasawa theory, completed group algebras, Auslander regular rings, 
Local Duality, Auslander-Buchsbaum equality, p-adic analytic groups. 

1 



2 



OTMAR VENJAKOB 



dimension of G as p-adic analytic manifold and agrees with its p-cohomological 
dimension. Thus in some sense A(G) can be considered as a "regular" ring, and 
it is natural to ask if there could exist a structure theory for finitely generated 
A(G)-modules, which is parallel to the classical theory (studied in detail in Bour- 
baki) when G = it for some integer k > 1. A first basic step in this direction is 
to answer the following question 

What is a good definition of pseudo-null resp. pseudo-isomorphism in 
the context of A(G)-modules? 

We recall that for a commutative Noetherian ring R and a finitely generated R- 
module M the definition is the following: The dimension of M is defined to be 
the Krull dimension of the support of M in Spec(-R) and M is said to be pseudo- 
null, if its codimension is greater than 1. M. Harris fL6| , 1.12] already proposed a 
vague definition of pseudo-null using a certain filtration of A(G), which in general 
differs from the OJt-adic one, where DJl denotes the maximal ideal of A(G), and 
cannot be described easily. Besides some more or less trivial cases it turned out 
very difficult to verify whether a module is pseudo-null. 



In this article we give an answer to this question using the following strategy. 
First, we establish a dimension theory for finitely generated A(G)-modules. Our 
approach here has been inspired by the work of Bjork 0], who showed that each 
finitely generated module over an Auslander regular or more generally Auslan- 
der Gorenstein ring (for the definitions see |3.3| ) is intrinsically equipped with a 
canonical filtration 

T (M) C Tx(M) C • • • C Td_i(M) C T d (M) = M. 

Using this filtration he defines the dimension of a A-module M. It turns out that 
for a commutative regular local ring this dimension equals the Krull dimension 
and that Tj(M) is just the maximal submodule of M with dimension less or equal 
to i. 

Thus the following theorem states a fundamental structure property of A(G) and 



will be crucial for the applications in Iwasawa theory ( ||35|| ). Here and in what 
follows we assume that G is a compact p-adic analytic group with no element of 
order p (but not necessarily pro-p). 

Theorem. (Theorem $.26{ ) A(G) is an Auslander regular ring. 

For the purpose of studying the Z p -torsion part of A(G)-module the following 
consequence for the completed group algebra 'L/p n \G\ = A/p n with coefficients 
in Z/p n becomes very useful. 



Theorem. (Theorem $.3(\ ) 



(i) 7j p /p m \G\ is an Auslander- Gorenstein ring with injective dimension equal 
to cdp(G). 

(ii) F p [(j] is an Auslander regular ring of dimension cd p (G). 
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If one is ready to neglect the Z p -torsion part - which can be controlled by the 
last theorem and a further result below, anyway - then it might be convenient to 
consider also modules over the ring Q P [G] := Z P [C7] ®% p Q p . 



Theorem. (Theorem \3. 2Q ) Q P [G] is an Auslander regular ring of dimension 
cd p (C7). 

Using these results, it is quite obvious how to define pseudo-null: 

A finitely generated A-module is called pseudo-null if and only if its 
co-dimension is greater or equal to 2. 

In the case G — TJl this is just the usual definition. So we are convinced that our 
definition is the right generalization to the non-commutative case. 

Once having available the notation of pseudo-null modules it is natural to ask 
whether there holds a structure theorem of A(G)-modules up to pseudo-iso- 
morphism which is analogous to the well known structure theorem for finitely 
generated modules over a commutative regular ring. 

The first result in this direction was obtained by the author in his thesis [ |34f . 
and determines the A(G)-structure of the Z p -torsion submodule of a finitely gen- 
erated A(G)-module in the quotient category of A-mod by the Serre subcategory 
of pseudo-null A-modules. We write VM for the full subcategory of A-mod con- 
sisting of the pseudo-null modules. 

Theorem. (Theorem \3.4Q ) Assume that G is a p-adic analytic group without 



p-torsion such that both A = A(G) and A/p are integral. Then, for any A-module 
M, there exist uniquely (up to order) determined natural numbers n\, . . . ,n r such 
that 

toi Zp M = (J) A/p™ 1 mod VM. 



Ki<r 



Both the hypotheses that A(G) and A(G)/pA(G) have no zero divisors are known 
to be true if G is a uniform, pro-p p-adic Lie group with no element of order p 
( |L2| ) . Our results have inspired various mathematicians to generalize this result 
and search for a full analogue of the structure theory. Firstly, Susan Howson 
has generalized it to the submodule of M annihilated by some power of a fixed 
prime element in the centre of A(G), obtaining the stronger result that a pseudo- 
isomorphism exists in the category A-mod (pi)- Secondly, J. Coates and R. 



Sujatha ([|TTJ) and P. Schneider [^TJ have proven that, in the quotient category 
A-mod/ VM, every finitely generated torsion A(G)-module is isomorphic to a 
direct sum of cyclic A(G)-modules, when G is any extra-powerful pro-p p-adic 
Lie group with no element of order p. Schneider has shown that this theorem 
is in fact a consequence of a general result of Chamarie || on the structure of 
modules over non- commutative Krull domains, whereas Coates and Sujatha show 
that it can also be proven using techniques from the algebraic theory of micro- 
localization. It is still unknown whether the left cyclic modules which occur can 
be chosen to be quotients of A(G) by left principal ideals. 

Now we want to state two further main results on the structure of A(G), if G is a 
pro-p Poincare group of finite cohomological dimension and such that A = A(G) 
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is Noetherian. The first result tells us that A(G) "admits local duality a la 
Grothendieck" , i.e. if local cohomology is defined in an natural way (see section 
H), we obtain 



Theorem. (Theorem \5.(\ ) For any M e A(G)-mod, there are canonical isomor- 
phisms 

E*(M) = Hom A (H^(M),H^(A)) = H^(M) V , 
where d = cd p (G) + 1. 

The second result generalizes the Auslander-Buchsbaum equality. 
Theorem. (Theorem |ff. 2J For any M e A-mod, it holds 

pd A (M) + depth A (M) = depth A (A). 
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I. Basic properties of A-modules 

1.1. Preliminaries. The aim of this work is to give some complements to the 
theory of A-modules, where we denote by A = A(G) the completed group algebra 
of a profinite group G over Z p 

A(G) = Zp[G] = limZp [(?/*/]. 

u 

Here U runs through the open normal subgroups of G. We start by recalling 
some well-known facts concerning A, proofs of which can be found in [57, V§2]. 



By a (left) A-module M we understand a separated topological module, i.e M is 
a Hausdorff topological Z p -module with a continuous G-action. Since the invo- 
lution of A given by passing to the inverses of group elements induces a natural 
equivalence between the categories of left and right A-modules, we will often ig- 
nore the difference without further mention. The category C = C(G) of compact 
A-modules and the category T> = T>(G) of discrete A-modules will be of particular 
interest. Both are abelian categories, and Pontryagin duality defines a contravari- 
ant equivalence of categories between them. Hence, while C has sufficiently many 
projectives and exact inverse limits the dual statement holds for T>. 
By Iq we denote the augmentation ideal of A, i.e. the kernel of the canonical 
epimorphism 

Zp[G] -» 7L V 
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and by 

M G = M/IqM 

the module of coinvariants of M. Then, the G-homology H.(G, M) of a compact 
A-module M can be defined as left derived functor of — q or alternatively as 
Tor^ (Z p ,M), where Tor denotes the left derived functor of the complete tensor 
product — ®a — • We obtain a canonical isomorphism Hj(G, M) = H J (G, M v ) v , 
where H*(C7, — ) denotes the usual G-cohomology for a discrete A-module consid- 
ered as a discrete abelian group and v is the Pontryagin dual. 

In order to state the topological Nakayama lemma we define the radical Radc of 
A to be the intersection of all open left maximal ideals. It is a closed two-sided 
ideal and its powers define a topology on A which is called the i?-topology. If a 
p-Sylow group G p is of finite index in G, then this topology coincides with the 
canonical one [TIT], 5.2.16], Rad^ is an open ideal of A and all (left) maximal ideals 
are open. Furthermore, A(G) is a local ring if and only if G is a pro-p-group. In 
this case the maximal ideal of A is equal to pA + la- 

Lemma 1.1. (Topological Nakayama Lemma) 

(i) IfMeC and Rad G M = M, then M = 0. 

(ii) Assume that G is a pro-p-group, i.e. A a local ring with maximal ideal 971. 
Then the following holds: 

(a) M is generated by X\, . . . , x r if and only if Xi + TIM, i = 1, . . . , r, 
generate M/DJIM as ¥ p -vector space. 

(b) Let P e C be finitely generated. Then P is A-free if and only if P is 
^-projective. 

Compare || for a thorough discussion. 

Concerning the projective dimension pd A M, respectively global dimension pd(A) 
of A, which are both defined with respect to the category C, there are the following 
results due to Brumer 0, where cd p (G) denotes the p-cohomological dimension 
of G : 

pd A Z p = cdp(G) and pd(A) = cd p (G) + 1. 

If A is Noetherian (e.g. if G is a p-adic Lie group, see below), the forgetful functor 
from the category C of compact A-modules to the category A-Mod of abstract 
A-modules defines an equivalence between the full subcategory Cf g of finitely 
generated compact A-modules and the full subcategory A-mod of finitely gener- 
ated abstract A-modules. In particular, the different definitions of the projective, 
respectively global dimension coincide in this case. 

1.2. p-adic Lie groups. In this subsection we recall some facts about (compact) 
p-adic Lie groups or also called (compact) p-adic analytic groups, i.e. the group 
objects in the category of p-adic analytic manifolds over Q p . There is a famous 
characterization of them due to Lazard (see also |12| 9.36): 

A topological group G is a compact p-adic Lie group if and only if G contains a 
normal open uniformly powerful pro-p-subgroup of finite index. 
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Let us briefly recall the definitions: A prop-group G is called powerful, if [G, G] C 
G p for odd p, respectively [G, G] C G 4 for p = 2 holds. A (topologically) finitely 
generated powerful pro-p-group G is uniform if the p-power map induces isomor- 
phisms 

Pi(G) / P i+1 (G) ^ P i+1 (G)/P i+2 (G), i > 1, 
where Pi(G) denotes the lower central p-series given by 

P 1 (G) = G, P i+1 (G) = PiiGYiPiiG)^}, % > 1, 

(for finitely generated pro-p-groups) . It can be shown that for a uniform group 
G the sets G pl := {g p% \ g e G} form subgroups and in fact G pt = P i+ i(G), i > 0. 
For example, all the congruence kernels of GL n (Z p ), SL n (Z p ) or PGL n (Z p ) are 
uniform pro-p- groups for p ^ 2, in particular the lower central p-series of the first 
congruence kernel corresponds precisely to the higher congruence kernels. We 
should mention also the following basic result (see |T2"|| , p. 62): 

A pro-p powerful group is uniform if and only if it has no element of order p. 

It is a remarkable fact that the analytic structure of a p-adic Lie group is already 
determined by its topological group structure. Also, the category of p-adic an- 
alytic groups is stable under the formation of closed subgroups, quotients and 
group extensions (See [O, chapter 10, for these facts). The following cohomo- 
logical property is indispensable ( for the definition of Poincare groups see [J27|). 



A p-adic Lie group of dimension d (as p-adic analytic manifold) without p-torsion 
is a Poincare group at p of dimension d. 

With respect to the completed group algebra we know that A(G) is Noetherian 
for any compact p-adic Lie group (see PSfl V 2.2.4). If, in addition, G is uniform, 
then A(G) is an integral domain, i.e. the only zero-divisor in A(G) is (J2IJ). In 
fact the latter property also holds for any p-adic analytic group without elements 
of finite order (see f28j). For instance, for p > n + 2, the group Gl n (Z p ) has no 



elements of order p, in particular, GL 2 (Zp) contains no elements of finite p-power 
order if p > 5 (see @ 4.7) . 

In this case (i.e. A is both left and right Noetherian and without zero-divisors) we 



can form a skew field Q(G) of fractions of A (see |15[]). This allows us to define 
the rank of a A-module: 

Definition 1.2. The rank is defined to be the dimension of 

M (g>A Q{G) as a left vector space over Q{G) 

rk A M = dim Q(G) (M ® A Q{G)). 

2. HOMOTOPY THEORY OF MODULES 

In this section we briefly recall some definitions and results from the homotopy 
theory of modules in the setting of U. Jannsen |22] , who developed further the 
homotopy theory which was introduced by Eckmann and Hilton and extended by 
Auslander and Bridger |3J]. The proofs can be found in |22|, §1] or in [57, V§4]. 



Though this theory works in much larger generality, we restrict ourselves to the 
case where A is a Noetherian (= right and left Noetherian) ring (= associative 
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unital ring). Furthermore, all A-modules considered are assumed to be finitely 
generated. 

Definition 2.1. A morphism / : M — > A of A-modules is homotopic to zero, if 
it factors through a projective module P : 

/ : M -> P -> A. 

Two morphisms /, <? are homotopic (/ ~ g), if / — g is homotopic to zero. Let 
[M, A] = HomA(M, A) /{/ ~ 0} be the group of homotopy classes of morphisms 
from M to A, and let Ho(A) be the category, whose objects are the objects of 
A- mod and whose morphism sets are given by HomHo(A)(Af, A) = [M, A], i.e. the 
category of "A-modules up to homotopy." 



Remark 2.2. The additive homotopy category of modules is not abelian in gen- 
eral. It can be shown that it forms a closed model category (for suitable definitions 
of (co)fibrations and weak equivalences). In general, it cannot be extended to a 
triangulated category: If it were a triangulated category in general there would 
have to exist for any module M a weak equivalence between M and QM, where 
Q denotes the loop space functor which will be introduced below. But for a ring 
A with finite projective dimension this would imply that all modules in A-mod 
are projective. 



However, if A is a quasi- Frobenius ring (for the definition and properties see |36 
4.2]), e.g. the group algebra of a finite group over a field A = k[G], then its 
associated homotopy category is triangulated ([|TJ, IV Ex. 4-8]). 

It turns out that M and A are homotopy equivalent, M ~ A, i.e isomorphic in 
Ho(A), if and only if M © P = A © Q with projective A-modules P and Q. In 
particular, M ~ if and only if M is projective. 



Definition 2.3. For M e A-mod we define the higher adjoints of M to be 

E*(M) :=Ext A (M,A), % > 0, 

which are a priori right A-modules by functoriality and the right A-structure of 
the bi-module A. By convention we set E l (M) = for i < 0. The A-dual E°(M) 
will also be denoted by M + . If A = A(G) is a completed group algebra these 
adjoints will be considered as left modules via the involution of A. 

Remark 2.4. In case A is the completed group algebra of a profinite group G we 
call the E l (M) also Iwasawa adjoints of M as E 1 (M) is isomorphic (up to the 
inversion of the group action) to Iwasawa's adjoint a(M) for G = 7L P . 

It can be shown that for i > 1 the functor E 2 factors through Ho(A) defining a 
functor 

E { : Ho(A) -> mod-A. 

Now we will describe the construction of a contravariant duality functor, the 
transpose 

D : Ho(A) -> Ho(A), 
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where we denote the homotopy category of right A- modules also by Ho(A). For 
every M e A-mod choose a presentation P\ — > Pq —>■ M — > of M by projectives 
and define the transpose DM by the exactness of the sequence 

M+ — P+ >- P+ >- DM — ^0. 

Then it can be shown that the functor D is well-defined and one has D 2 = Id. 
Furthermore, if pd A M < 1 then DM ~ E 1 (M). 

Sometimes it is also convenient to have the notation of the 1 st syzygy or loop 
space functor Q : A-mod — > Ho(A) which is defined as follows (see |E| 1.5]): 
Choose a surjection P — > M with P projective. Then QM is defined by the exact 
sequence 

QM » P — M — 0. 

The next result will be of particular importance: 

Proposition 2.5. For M e A-mod there is a canonical exact sequence 

— - E ! DM — - M M++ — - E 2 DM — -0, 

where <pM is the canonical map from M to its bi-dual. In the following we will 
refer to the sequence as "the" canonical sequence (of homotopy theory). 

A A-module M is called reflexive if <pM is an isomorphism from M to its bi-dual 
M ^ M++. 

As Auslander and Bridger suggest the module E X DM should be considered as tor- 
sion submodule of M. Indeed, if A is a Noetherian integral domain this submodule 
coincides exactly with the set of torsion elements torAM. 

Definition 2.6. A A-module M is called A-torsion module if (f>M = 0, i.e. if 
tor A M := E X DM = M. We say that M is A-torsion-free if E X DM = 0. 

Since M ++ embeds into a free A-module (just take the dual of an arbitrary sur- 
jection A m ^> M + ) the torsion-free A-modules are exactly the submodules of free 
modules. A different characterization of torsion(-free) modules will be given later 



using dimension theory, see |377 



For A := A(G), where G is a p-adic Lie group, the above definition can be in- 
terpreted as follows: A finitely generated A-module M is a A-torsion module if 
and only if M is a A(G')-torsion module (in the strict sense) for some open pro-p 
subgroup G' C G such that A{G') is integral. Indeed, for any open subgroup H 
of a p-adic Lie group G there is an isomorphism EL g ^Da(g) — ^^h^HH) °^ 
A(ff)-modules by proposition |2.7| (ii) (see below) and the analogue statement for 
DM. 

For a closed subgroup H C G we denote by Indg(M) = M® A{H) A(G) the com- 
pact induction of a A(if)-module to a A(G)-module. 

Proposition 2.7. Let H be a closed subgroup of G. 
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(i) For any M e A(H)-mod and any i we have an isomorphism of A-modules 

Ei (G) (Ind^M)^IndfEi (H) (M). 

(ii) //, in addition, H is an open subgroup, then there is an isomorphism of 
A(H) -modules 

E\ {G) (M) = E\ {H) (M). 



Proof. The first statement is proved in [29|, lemma 5.5] while the second one can 
be found in [22, lemma 2.3]. □ 



3. AUSLANDER REGULARITY 



3.1. Filtrations of A-modules. Since the completed group ring A of a p-adic 
Lie group without p-torsion is (both left and right) Noetherian and has finite 
global homological (and therefore finite injective) dimension we can apply the 
results of J.-E. Bjork |4[], which we will describe in this section. 

Let A be a (not necessarily commutative) Noetherian ring with finite injective 
dimension d, i.e d is the minimal integer with respect to the property that 
W(M) = for all (left and right) A-modules M and integers j > d. Of course, 
this is equivalent to the condition that both the left and the right A-module A 
has (bounded) injective dimension d. It can be shown that these left and right 
injective dimensions are the same (see ||38|| ). The analogous statement that the 
left and the right global homological dimension are the same is a consequence of 
the Tor-dimension theorem [36L 4.1.3]. 



In this section all A-modules are assumed to be finitely generated. 



Since projective A-modules are reflexive, we get the equality 

M = RHom ( RHom ( M, A), A) 

for left (or right) A-modules M in the derived category of complexes of A- 
modules (more generally, this equality holds for all perfect complexes). Calculat- 
ing RHom(RHom(M, A), A) by the bidualizing complex, the associated filtrations 
give rise to two convergent spectral sequences (see |26| for the convergence), the 
first of which degenerates. The second one becomes 



E p 2 ' q = E p {E~ q {M)) R p+q (A'(M)), 

where A*(M) is a filtered complex, which is exact in all degrees except zero: 
H°(A*) = M, i.e. there is a canonical filtration 

T (M) C Ti(M) C ■ • • C T^M) C T d (M) = M 

on every module M (The natural numbering of this filtration arising from the 
double complex is descending but we found it more convenient to reverse it). The 
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convergence of the spectral sequence implies 




T d - P (M)/T d - P - 1 (M) if> + g = 0, 
otherwise. 



(By convention, Tj(M) = for i < 0). 

Definition 3.1. (i) The number 5 := min{i | Tj(M) = M} is called the di- 
mension 8(M) of a A-module M ^ {0}. We set <5({0}) = — oo. 

(ii) If M is a A-module we say that it has pure 5-dimension if Tg-i(M) = 0, 
i.e. the filtration degenerates to a single term M. 

(iii) A A-module M is called pseudo-null, if it is at least of codimension 2, i.e. if 
8{M) <d-2. 

By Grothendieck's local duality theorem, this definition coincides with the Krull 
dimension of supp\(M) if A is a commutative local Noetherian Gorenstein ring, 
see 0, Cor. 3.5.11]. 

First we want to state some basic facts on the (^-dimension. The functoriality of 
the spectral sequence implies 

Proposition 3.2. (i) If — > M' — > M — ► M" — > is an exact sequence 
of A-modules then 

Ti(M') C Tj(M) for all i 

and5(M") < 5(M). 
(ii) T,(0 fc M k ) = © fc T,(M fc ) and 5(0 fc M k ) = max, 5{M k ). 

In order to analyze this spectral sequence more closely, the Auslander condition 
(for not necessarily commutative rings) is essential: 

Definition 3.3. (i) If M ^ is a A-module, then 

j(M) := min{i | E i (M) ^ 0} 

is called the grade of M. By convention, j({0}) = oo. 

(ii) A Noetherian ring A is called Auslander- Gorenstein ring if it has finite in- 
jective dimension and the following Auslander condition holds: For any 
A-module M, any integer m and any submodule of E m (M), the grade of 
A^ satisfies j(N) > m. 

(iii) A Noetherian ring A is called Auslander regular ring if it has finite global 
homological dimension and the Auslander condition holds. 

Remark 3.4. Let A be a commutative ring. Then A is Auslander- 
Gorenstein if and only if it is Gorenstein (in the usual sense). Similarly, A is 
Auslander regular if and only if it is regular (in the usual sense) and of finite 
Krull dimension. (The implications concerning the injective, respectively global 
homological dimensions are well known, for the Auslander condition see JI], Cor. 
4.6,Prop. 4.21] ) 
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In the next section we will prove that A = A(G) is Auslander regular for any 
p-adic Lie group without p-torsion. Generally, for this kind of rings we get the 
following properties: 

Proposition 3.5. Let A be an Auslander regular ring and M a A-module. Then 

(i) (a) For all i, there is an exact sequence of A-modules 

T i (M)/T i _ 1 (M) E d - i E«*- i (Af) Q l {M) 0, 

where Q;(M) is a subquotient of fc>1 E d - i+k+1 E d - i+k (M) . 

(b) T (M) = E d E d (M) and Ti(M)/T (M) = E^E^M). 

(c) Tj(M) /Tf_i(M) = if and only i/E^E^M) = 0. 

(ii) 5{M) + j(M) = d for M^O. 

(hi) (a) j(E\M)) > i, i.e. E^'E^M) = for all j < i. 

(b) <J(E*(M)) < d-i. 

(c) EJ'W(M) /ias pure 5-dimension 5(M). 

(iv) E^'( M )+ 1 E* :+ ^ M )E^ M )(M) = /or aW fc > 1. 

(v) (a) For all < % < d, E*E*(M) is either zero or of pure 5-dimension d — i. 
(b) M has pure 5-dimension if and only z/E*E*(M) = for all i > j(M). 

(vi) (a) 8(Ti(M)) <i. 

(b) Tj(M) is the maximal submodule of M with 5-dimension less or equal 
to i. 

(c) The functor Tj is left exact. 

(d) Ti{M/Ti(M)) = 0. 

(vii) If 5(M) = then M has finite length. 

Proof. Except for (i) (a), (i) (b) and (vi), these properties are all proved in Q 
or trivial: Prop. 1.21, 1.16, Prop. 1.18, Remark before 1.19, Cor. 1.20, Cor. 1.22 
and 1.27., while (i)(a) is proved in Cor. 4.3] 

The assertion (i)(b) is clear, as E % ^ % = E\~ % because of (iii) (a) . So let us prove 
(vi): By (iii), (a) is equivalent to j(T,(M)) > d — i and this is true because of 
the Auslander condition using induction (cf. the proof of (iii)). The assertion(b) 
follows by prop. |3.2j : If A" is a submodule of dimension 5(N) < i, then A" = 
Ti(JV) C Tj(M). 

Noting prop. [12] (i), we only have to show A" fl Tj(M) C T^(iV) in order to prove 
left exactness. Since the first module has dimension 5(N fl Tj(M)) < i, this is a 
consequence of (b). 
By (c) the exact sequence 

-> T i+ i(M)/Ti(M) -> T i+2 (M)/T,(M) -> T i+2 (M)/T i+1 (M) -> 

induces the exact sequence 

-> Tj(T i+1 (M)/Tj(M)) -> T,(T i+2 (M)/T i (M)) - T,(T t+2 (M)/T m (M)). 

The first and third term are zero by (i) and (iii) as above. Hence (d) follows by 
induction. □ 



Assuming the Auslander-condition, prop. can be sharpened as follows [^|, Prop. 
1.81: 



12 



OTMAR VENJAKOB 



Proposition 3.6. Let — > M' — ► M — > M" — ► be an exact sequence of 
A-modules. 

(i) If A is Auslander-Gorenstein, then 

j(M)=min{j{M'),j(M")} 

holds. 

(ii) If A is Auslander regular, then 

5{M) =m&x{5{M'),5{M")} 

holds. 

For the second assertion we used prop. 



Remark 3.7. (i) Using the methods of [ i3| , proposition 6, one can show the exis- 
tence of the following exact sequences: 

— E <+1 Dn < T d _ i (M) — T d _i(M) — E*E*(M) — E i+2 Dfi i T d _ i (Af) -*0. 

Hence, Tj(M) can also be obtained recursively by the formula 
T d _j_x(M) = E t+1 ~DQ' l T d _i(M) and similarly, we get a description for 
Q d _i(M) = E i+2 Dn i T rf _ i (M). The same arguments yield for a A-module M with 
j(M) > j the isomorphisms 

E j+k E j {M) = E j+k+2 DQ j {M) for jfe > 1. 

(ii) In particular, Td-i(M) = E X D(M) = torAM, i.e. the torsion submodule of M 
is the maximal submodule of codimension greater or equal than 1. That means 
that M is A-torsion if and only if it is at least of codimension 1, and A-torsion-free 
if and only if M is of pure dimension d. 

The following class of A-modules satisfies some duality relations: 

Definition 3.8. A A-module M ^ is called Cohen- Macaulay if 
j(M) = pd A (M) holds, i.e. if E'(M) = for all i^j(M). 

Proposition 3.9. Let A be an Auslander regular ring. 

(i) Let M be a Cohen- Macaulay module of dimension j . Then 

E j E j (M) = M. 

(ii) In particular, if 5(M) = 0, then 

E d E d (M) = M. 

Proof. In both cases the spectral sequence degenerates. □ 

One could hope that any A-module M can be decomposed into Cohen-Macaulay 
modules in the following sense: there is an filtration of M such that the zth sub- 
quotient is Cohen-Macaulay of dimension i. But it is easy to construct counterex- 
amples which show that in general such a filtration does not exist. Nevertheless, 
there is a different type of filtration: Auslander and Bridger proved the existence 
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of a spherical filtration (up to homotopy, i.e. after adding a projective summand 
P) 

M d C M d _i C • • ■ C Mi C M = M © P, 

the subquotients of which form spherical or Eilenberg-MacLane modules of type 
E*(M), i.e. for 1 < i < d 



Fossum |H| compared the spherical filtration to the filtration Tj(M) for a com- 
mutative Gorenstein ring and proved ([]13|, prop. 9) that their "torsion parts" 
agree for z < d 

T,(M) = T d ^{M d ^ x ) 

= Ti(M fe ) for all fc < d- i. 

The proof generalizes at once to the non-commutative case. 

Proposition 3.10. Let A be an Auslander regular ring. A A-module M with 
projective dimension pd A (M) = k has no non-trivial submodule of dimension less 
or equal to d — k — 1, i.e. Td-k-i(M) = 0. 



Proof. See prop. |3.5| , (i) (b). □ 

The next result extends a well known result for commutative regular rings (see 
for example f27j, cor. 5.1.3). 

Proposition 3.11. Let A be an Auslander regular ring. 

(i) For any A-module M , the module E°(M) is reflexive: 

E°(M) = E°E°E°(M). 

(ii) Assume that d > 2 and 5(M) = d — i. Then 

E*(M) = E^E^M). 

Proof. Let := E°(M) and apply proposition |3.5| (iv) to conclude that 
® k7ll E k+1 E k (N) = fc > 1 E fc+1 E*E°(M) = 0, i.e. Q d (N) = 0. Since we already 
know by (iii) (c) that A^ is of pure dimension d (if AT ^ 0), the statement (i) 
follows considering (i)(a). The proof of (ii) is analogous. □ 

Corollary 3.12. For any i it holds 

(i) E*E i E i E i (M) = E*E*(M) and 

(ii) E'E'T^M) = &&{M). 

Proof. To prove (i) assume first that 5(E l (M) = d — i. Applying the proposition 
to the module E*(M) gives the result while in the second case, i.e. j(E l (M) > i, 
the module E*E l (M) is zero anyway. Noting that j(Qi(M)) > i + 2, the second 
assertion follows at once calculating the long exact E J -sequence of 

— - T d _ i _i(M)/T d _ i (M) — - E*E*(M) — > Q % — - 0. 

□ 
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3.2. Modules up to pseudo-isomorphisms. As in the commutative case we 
say that a homomorphism (p : M — » iV of A-modules is a pseudo-isomorphism 
if its kernel and cokernel are pseudo-null. A module M is by definition pseudo- 
isomorphic to a module N, denoted 



M ~ N. 



if and only if there exists a pseudo-isomorphism from M to N. In general, ~ is 
not symmetric even in the Z p -case (cf. ]27|, V§3,ex.l]). While in the commutative 
case ~ is symmetric at least for torsion modules (see the first remark after prop. 



5.17 in PTfl), we do not know whether this property still holds in the general case. 
If we want to reverse pseudo-isomorphisms, we have to consider the quotient cat- 
egory A-mod/PA/" with respect to subcategory VM of pseudo-null A-modules, 
which is a Serre subcategory, i.e. closed under subobjects, quotients and exten- 
sions. By definition, this quotient category is the localization (T^Z^A-mod of 
A-mod with respect to the multiplicative system VX consisting of all pseudo- 
isomorphisms (see [[59, ex. 10.3.2]). Since A-mod is well-powered, i.e. the family 
of submodules of any module M e A-mod forms a set, these localization exists, is 
an abelian category and the universal functor q : A-mod — > A-mod/PA/" is exact 
(see |3J, p. 44ff]). Furthermore, q(M) = in A-mod/PA" if and only if M e VM. 

Note that for any pseudo-isomorphism / : M — *> N the induced homomorphism 
E 1 (/) is an pseudo-isomorphism (with respect to an analogue subcategory, also 
denoted by VAf, of mod— A), too. By the universal property of the localization, 
we obtain a functor 

E\-) : A-mod/PA" -> mod-A/PA", 

which is exact if it is restricted to the full subcategory A— mod- 1 /"PA/* of 
A-mod/PA/" consisting of all A-modules of codimension greater or equal to 1. 
The next result shows that 

E 1 o E 1 = id : A-mod- 1 jVM -> A-mod- 1 jVM 

is a natural isomorphism of functors: 

Proposition 3.13. Let A be an Auslander regular ring. 

(i) Any torsion-free module M embeds into a reflexive module with pseudo-null 
cokernel. 

(ii) Any torsion module M is pseudo-isomorphic to E 1 E 1 (M). 

Proof. Observe that T f f_ 1 (M) is the maximal torsion submodule in this case. 
Hence, the exact sequence in (i) (a) for i — d respectively i = d — 1 proves both 
statements taking under consideration (iii) (b) and proposition ^.11[ □ 

Corollary 3.14. A homomorphism f : M ^ N of A-torsion modules is a 
pseudo-isomorphism if and only if the induced homomorphism E x (/) : E X (A^) — ■> 
E 1 (M) is. 

Since A is Noetherian it follows readily that any object in A— mod^/VJ^f has 
the ascending chain condition (A.C.C.) (see II.ch.2]). But using the natural 
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isomorphism E 1 o E 1 = id its immediate that also the descending chain condition 
(D.C.C.) holds in this category. A consequence of this observation is that any 
object in A— mod- 1 /V J\f has finite length. Moreover, the Krull-Schmidt-Theorem 
holds (loc. cit. thm. 2.2): 

Proposition 3.15. Let A be an Auslander regular ring. Then any object 
q(M) e A— mod- 1 /VM decomposes uniquely (up to isomorphism) into a finite 
direct sum of indecomposable objects q(Mi) : 

M = M i mod V] ^- 



Proposition 3.16. Let A be an Auslander regular ring. Then the following 
holds. 

(i) The simple objects of A— mod- 1 jVM are cyclic, i.e. of the form q(A/I) for 
some left ideal I of A. 

(ii) There is an isomorphism of abelian groups 

# (A-mod^7PA0 = Z[S] 

S € 1 

where I denotes the set of isomorphism classes of simple objects of 
A-mod- x /VN. 

The class [M] of a 1-codimensional A-module M in K (A— mod- 1 /VJ\f) should 
be thought of as "generalized characteristic ideal." At least if A is a commutative 
regular ring, this class bears the same information as the characteristic ideal 
which is associated with M via the structure theory of A-modules up to pseudo- 



isomorphism (see |27|, 5.1.7,5.18]). 



Proof. Let M be a non-pseudo-null A-module such that q(M) is a simple object. 
Then there exists a m e M such that Am = A/ann\(m) is not pseudo-null, either. 
Consequently, ^ q(Am) C q(M) and by the simplicity of q(M) this inclusion 
cannot be strict. Taking / = ann\(m), this proves (i) while (ii) is just RBI, II 



ch.l, thm 1.7]. □ 
Following the structure theory for modules over a commutative regular local ring 



(see |27|, 5.1.7,5.18]), it is natural to hope that the following question has an 
affirmative answer 

Question 3.17. Let A be an Auslander regular ring and M e A-mod. Does there 
exist an isomorphism in A-modjVM 

M = tor A M © R mod VJ\f, 

where R = M/to^M mod VAf is a reflexive A-module? 

At least for the Iwasawa algebra A(G) of an extra-powerful (for the definition see 
the next subsection) and uniform pro-p-group this should follow from the tech- 
niques used by Coates-Sujatha (|TT|]) to prove the structure theorem for torsion 
modules. 
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Proposition 3.18. Let A be an Auslander regular ring. For any A-module M it 
holds: 

E 1 (M) ~ E^toiAM). 

Proof. ^From the long exact Ext-sequence we get the exact sequence 

E 1 (M/tor A M) — E X (M) — > E^torAM) — - E 2 (X/tor A M). 

While the module on the right hand side is obviously pseudo-null the first one is 
so by the following argument: the long exact Ext-sequence of 

M/tor A M - E°E°(M) E 2 D(M) 

tells us that E 1 (M/torAM) fits into the exact sequence 

E 1 E°E°(M) E^M/torAM) — - E 2 E 2 D(M), 

i.e. it suffices to show that E 1 E°E°(M) is pseudo-null. But E 1 E 1 E°E°(M) = 
by |3^,[vl (and E°E 1 E°E°(M) = anyway), i.e. j(E 1 E°E°(M)) > 2 respectively 
<y(E 1 E°E°(M)) < d - 2. □ 

3.3. The graded ring gr(A). An important method to verify the Auslander 
condition of a ring A consists of endowing A with a suitable filtration and studying 
the associated graded ring gr(A). By a filtration on a ring A we mean an increasing 
(!) sequence of additive subgroups C E ; C E, ;+1 satisfying |J Ej = A and 
f] Sj = and the inclusions EjEfc C hold for all pairs of integers i and k. The 
main example on a local ring is the 971 -adic filtration with E_j = 97T for all i > 
(by convention, 971° = A ). For our aim the closure condition will be crucial: 

Definition 3.19. The filtration E satisfies the closure condition if the additive 
subgroups E mi «i + ■ ■ • + S ms u s and U\E mi + • ■ • + u s E ms are closed with respect 
to the topology induced by E for any finite subset u\, . . . , u s in A and all integers 
mi, . . . ,77V 

Lemma 3.20. Let G be a p-adic analytic pro-p-group. Then the DJl -adic filtra- 
tion on A(G) satisfies the closure condition. 

Proof. Note that the 97t-adic topology on A coincides with the (m, 7)-topology 
(cf. 0, (5.2.15)]). Since 971 is a two-sided ideal of A the subgroup Wl^^ii! + 

h 97t* _ms -u s , Mi97l i_mi + h M s 97l i ~ ms is a finitely generated left, right ideal, 

respectively. Hence, these subgroups are compact as continuous images of the 
compact module A n for some n. □ 

Put gr(A) = Ej/Ej_i, which is called the associated graded ring of A with re- 
spect to the filtration E. The above lemma admits applying the following theorem 
of Bjork to certain completed group rings: 

Theorem 3.21 (Bjork). (i) Assume that gr(A) is a Auslander regular ring and 
that E satisfies the closure condition. Then A is a Auslander regular ring. 
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(ii) In the situation of (i), the equality j(M) = j(gr(M)) holds. If, in ad- 
dition, gr(A) is commutative and of pure dimension d, then also S(M) = 
dim(gr(M)) holds, where dim(gr(M)) = dim(supp gr ^(gr(M))) is the Krull 
dimension of gr(M). 

Proof. See [|], Theorems 4.1,4.3] and also |5], Thm. 3.9. and Remark]. For the 
last equality note that 

dim(gr(M)) = max{dim(gr(M) p | p maximal ideal of gr(A)} 

= d — mm{j(gr(M)p) | p maximal ideal of gr(A)} 

= d-j{gr{M) 

= d-j(M) 

= S(M), 

where we used prop. |3.5| , (ii), and the fact that localization commutes with Ext- 
groups, if all objects are Noetherian. □ 

Our task will be to determine the structure of gr(A(G)). Before stating the 
next, result we recall that a pro-p-group G is called extra-powerful, if the relation 
[G, G] ^ G p holds. Furthermore, note that gr(Z p ) = ¥ p [X ] if Z p is endowed 
with the m -adic filtration. 

Theorem 3.22. Let G be a uniform and extra-powerful pro-p- group of dimension 
dim(G) = r. Then there is a gr{TL^)-algebra-isomorphism 

gr(A(G))^¥ p [X ,... ,X r }. 

In particular, gr(A(G)) is a commutative regular Noetherian ring. 

A consequence of Lazard's results is the 

Remark 3.23. Any compact p-adic analytic group contains an open characteristic 
subgroup, which is an uniform and extrapowerful pro-p-group (cf. |L2|, Cor. 9.36] 
and |7| Prop. 8.5.3]) 

For the proof of the theorem we need some more terminology. Let G be an uniform 
pro-p-group with a minimal system of (topological) generators {xi, . . . ,x r }, in 
particular dim(G) = r. Then the lower p-series is given by Pi{G) = G, P, + i(G) = 
(Pi(G)) p , i > 1. This filtration defines a p-valuation u : G — > N >0 U {oo} C 
M>o U {oo} of G in the sense of Lazard via oo(g) := sup{i | g e Pi(G)}, which 
induces a filtration on the group algebra 1* P [G] of the underlying abstract group 
of G, too (cf. J25], Chap. Ill, 2.3.1.2]). 

Lemma 3.24. The filtration on 7, p [G], induced by uj, is the 9Jld-adic one, where 
Wl d = m + Id{G) with the augmentation ideal Id{G) of Z P [G]. 

Proof. Conferring the proof of Lemma III, (2.3.6) in |25], the induced filtration is 



given by the following ideals in 7L V \G\, n e N : A n is generated as Z p - module by the 
elements p l (gi— 1) ■ • ■ (g m — 1) where l,meN, gitG and l+u(gi)+. . .+u(g m ) > n, 
whereas the OJtd-adic filtration is defined by the ideals Wl^, which are generated 
(over Z P [G]) by the elements p l (gi — 1) • • • (g m — 1), where l,m e N, gi e G and 
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I + m = n. Since w(g) > 1 for all g e G the ideal OJt^ is contained in A n . The 
converse is a consequence of the following 

Claim: Let g e G with w(g) — t > 1, then g — 1 e 971^. 

Since G is uniform, the map G — > P t (G), which assigns g pt 1 to g, is surjective 



cf. [ 12|, lemma 4.10]), i.e. there exists an element h e G with g = h p . Writing 



A; 

!>1 X 

one verifies that g-1 e 971^, because v p ( ( , ) ) = t — 1 — v p (k) >t — k, i.e. 



□ 



Lemma 3.25. The DJld-adic filtration on Z P [G] induces the Tl-adic filtration on 
Zp[G]. 



Proof. The ideals defining the induced filtration are just the closure 97i^ of STt^ C 
Z P [G] C Z p [Gr] with respect to the 97t-adic topology on Z P [G]. Since they contain 
the elements p l {g\ — 1) • ■ • (g m — 1) with I, m e N, g% e {x±, . . . , x r } and l+m — n, 
which generate DJl n as ideal of Z P [G], they contain 97l n , too. On the other hand 
97l n is closed and contains all the generators of the Z p [G]-ideal 971^ : p l (gx — 
1) . . . (g m — 1), I, m e N, g% e G. This proves the lemma. □ 

Now we can prove theorem |3.22 . 



Proof. Since gr{G) = Pi{G) / Pi + \(G) is a Lie algebra, which is free of rank r 
as (7r(Z p )-module, we get the following inclusion: 

gr(G)CUgr(G) = gr(Z p [G}) 

where the first equation holds by p5| Chap. Ill, 2.3.3] and Ugr(G) is the envelop- 
ing algebra of the Lie algebra gr(G), whereas the second one is a consequence 
of lemma |3.25| . According to |37[ Theorem 8.7.7], the graded ring <7r(Z p [Cr]]) is 



commutative (G is assumed to be extra-powerful), i.e. 

Ugr(G) = gr(Z p )[X u ...,X r )<* ¥ P [X , . . . ,X r }. 

□ 

As an important consequence we obtain the 

Theorem 3.26. Let G be a compact p-adic analytic group without p-torsion. 
Then the completed group ring A(G) is an Auslander regular ring. 

Proof. G posses an open characteristic subgroup iV which is an uniform, extra- 
powerful pro-p-group. By the theorem of Bjork and theorem |3.22| , A(N) is an 



Auslander regular ring, because gr(Z p [iV]) has this property as a regular com- 
mutative Noetherian ring (cf. @, pp. 65-69]). But E\ (G) (M) ^ E\ (N) (M) as 
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A(iV)-modules for any A(G)-module M, by which the Auslander condition is 
easily verified. □ 

If one is not interested in the Z p -torsion submodule of a A-module M it might 
be convenient to replace M by its maximal Z p -torsion-free quotient M/tor Zp M. 
This leads to the study of the subcategory A— mod fl of A— mod consisting of Z p - 
torsionfree or equivalently Z p -flat A-modules. This category is closely related to 
the category Q P [G]— mod of finitely generated Q P [G]- modules where 

%\G\ := Z P [G] ® Zp Q P 

by definition. Note that the latter ring is Noetherian whenever Z P [G] is. We let 
A— modQ denote the category with the same objects as A— mod fl and such that 

Hom A _ mod fl (M, N) := Hom A (M, N) ® z Q 

Qp 

for any two A-modules M, N in A— mod fl with the composition of homomorphisms 
being the Q-linear extension of the composition in A— mod fl . It is clear that the 
functor M i— > Mq p := M ®% p Q p induces an equivalence of categories 

A-modg,=Q p [G]-mod. 



Remark 3.27. Schneider and Teitelbaum proved in [^2J that, for a compact p-adic 
Lie group, these categories are anti-equivalent to the category of certain Banach 
space representations of G. 

The following proposition, which is standard, allows to calculate Ext-groups in 
Q P [G]— mod via Ext-groups in A- mod. 

Proposition 3.28. For any M, N in A-mod we have canonical isomorphisms 
Ext A (M, AO ® Zp Q P = Extjj p[GI (M Qp , N Qp ) for all i > 0. 

Now, we are able to derive the Auslander regularity of Q P [G] from the Auslander 
regularity of A(C7). 

Theorem 3.29. Let G be a compact p-adic analytic group without p-torsion. 
Then the group ring Q P [G] is an Auslander regular ring of (projective) dimension 
P dQ p [C7] = cd p (G). 

Proof. We set r := cd p G. Let M be any finitely generated Qp[G] -module and 
choose e A— mod with M = Nq p . Since A^ is Z p -torsionfree, we have E r ^' 1 (N) = 
by theorem f£7| (iii), hence pd A A^ < d using (|6.3|). By the previous proposition, 
Eq + j G j(M) vanishes, too, i.e. pdQ p | G jM < r. On the other hand the projective 
dimension of Q p is r, because E^J G1 (Q P ) = E r (Z p ) ® Zp Q p = Q p by ^ 2.6]. It 
follows that pdQ p [G] = r. 

Now we will verify the Auslander condition: Since any Q p [C7]-submodule of 
Ejj [G f|(M) = E\(N) ® Zp Q p has the form L Qp for some A-submodule L C E\(N) 
we see that 

%jgi( l ®p) = K(L) ®z p Q P = o, j < 



because A is Auslander regular by theorem |3.26| . □ 



20 



OTMAR VENJAKOB 



3.4. The /i-invariant. For the purpose to study the p-torsion part tor^ p M of a 
A-module M we are also interested in the rings Z/p m [G] = A(G)/p m , especially 
the ring F p [G], and will consider the change of rings A(G) — > A/p m . For a A/p m - 
module M there exists a convergent spectral sequence (see Ex. 5.6.3]) 

Ext\ /pm {M, Ext J A (A/p m , A)) Ext^'(M, A). 

We should mention that here Ext A (A/p m , A) is a left A- and A/j9 m -module by 
functoriality and the right A-structure of the bi- module A/p m . Using the free 
resolution 

— - A — - A — - A/p m — - 0, 
it is easy to calculate that 

ExtKA/p-.A^jT otL^L 
Hence the spectral sequence degenerates to 

E A/pra (M) = E A +1 (M) 
for any A/p m -module M and any integer i. We obtain the following 

Theorem 3.30. Let G be a compact p-adic analytic group without p -torsion and 
m any natural number. Then 

(i) Z p /p m {G} is an Auslander-Gorenstein ring of injective dimension cd p (G). 

(ii) F p [(j] is an Auslander regular ring of dimension cd p (G). 

Remark 3.31. The same arguments prove that A(G)/(f) is a Auslander Goren- 
stein ring of injective dimension cd p (G) for any element / of the center of A(£?) 
or even more general for any / e A(G) such that the left ideal (/) := A(G)f is 
two-sided. 

Proof. ^From the above formula we derive that A/p m has finite injective dimen- 
sion cdp(Cr). On the other hand it is well known that the projective dimension 
of FpjG] is equal to cd p {G) (see [^7|, V§2Ex.5]). Hence it suffices to verify the 
Auslander condition: For a A/p m - module M let N C E A , ra (M) be a A/p m - 

submodule which we will also consider as A-submodule of E^ fl (M). Applying 
again the above isomorphism, we see that E 3 A , pm (N) = E^ +1 (AQ = for any 
integer j < i because A fulfills the Auslander condition. □ 

A different possibility to prove (ii) of the previous theorem would be to imitate 
the proof of theorem [3.26j using the analogue of theorem |3.22| : if G is a uniform 



pro-p-group of dimension d, then there is an isomorphism 

gr(F p [C\) ^F p [X l5 ... ,X r ], 

where F P [G] is endowed with its 9Jt-adic filtration (see JJ7], 8.7.10]). In particular, 
Fp[G] has no zero divisors for uniform G ( fl37| , 8.7.9]). 

In order to measure the size of the p-torsion part of a A-module we have (as 
usual) the //-invariant which is defined as follows. 
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Definition 3.32. Assume that G is a p-adic Lie group without p-torsion such 
that F p [(j] is integral. For any A(G)-module M we define its //-invariant //(M) 
as 

H{M) =rk Fp[G] p!+ iM/ p! M, 

i>0 

where p oM = by convention. Observe that the sum is finite because A is 
Noetherian. 

Susan Howson has defined the //-invariant in a similar, equivalent way and she 
has independently studied its properties in |19| . In particular, she expresses the 
/i- invariant of a A-module M to the Euler characteristic of torz p M. 

Note that the //-invariant only depends on the A- resp. Z p -torsion- 
submodule: fi(M) = fi(tor\M) = ^{tov% M) = //( p mM) for m sufficiently large. 
With respect to the vanishing we have the following characterization: 

Remark 3.33. Since p i+iM / piM^ — *~ p M the following is equivalent 

/i(M) = <£> fi{ p M) = 

^ P M is F p [G] -torsion 
•v^ pM is a pseudo-null A-module. 
For the latter equivalence we used again the above isomorphism. 

The next proposition shows that the //-invariant is in fact an invariant "up to 
pseudo-isomorphism", i.e. it factors through the quotient category A-mod/7-W. 
In particular, our definition of \x generalizes the usual definition via the structure 
theory if G is isomorphic to U for some r. 

Proposition 3.34. Let G be a p-adic analytic group without p-torsion such that 
both A = A(G) and A/p are integral. Then 

M ~ N implies (jl(M) = fJ>(N). 

Proof. The statement will follow if it holds in the two special cases of exact 
sequences 

(a) Q M N — - 0, 

(b) M — - N — Q 0, 

where Q is pseudo-null. More generally, we consider a short exact sequence of 
A-modules 

X — - Y — Z »- 0. 

The snake lemma implies the exactness and commutativity of the following dia- 
gram 

p"X >■ pnY >■ pnZ >■ X / p n 

v 

pn + lX 5- p n + lY S- pn + lY 5- 
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Again by the snake lemma we obtain the exact sequences 

>" pn + lX I pTlX pn + lY I jjtlY — >■ A n ^i/A n — =>■ 0, 

»- K n 3- A n+ l/A n >- pn + lZ/pnZ — ^ B n + i/ B n 0, 

where Ai denotes the image of p iY in p iZ with cokernel Bi, the latter module con- 
sidered as submodule of X/p\ and K n := ker(£> n — > B n+1 ). In case (b) A n+ i/A n is 
a pseudo-null A-module because A n+ i C Z. Hence ik ¥p ^ G jA n+ i/A n = by remark 
|3.33| . In case (a) rk Fp [ G ] p n+iX/ p nX = by the same argument. Furthermore, 
K n C X/p n , B n+ i C X/p n+1 and finally B n+ i/B n are pseudo-null, too. □ 

By A-mod(p) we shall write the plain subcategory of A-mod consisting of Z p - 
torsion modules while by VJ\f(p) u = VM fl A-mod(p)" we denote the Serre sub- 
category of A-mod(p) the objects of which are pseudo-null A-modules. In other 
words M belongs to VN{jp) if and only if it is a A/p n -module for an appropri- 
ate n such that E°y pn (M) = 0. Recall that there is a canonical exact functor 
q : A-mod(p) — > A-mod(p)/'PA/'(p). For the description of the p-torsion part the 
following result will be crucial. 

Proposition 3.35. Assume that G is a p-adic analytic group without p-torsion 
such that both A = A(G) and A/p are integral. Then the following holds: 

(i) q(A/p) is simple object in A-mod(p)/VAf(p), i.e. does not contain any proper 
subobject. 

(ii) Every object A in A-mod(p) /VAf(p) has a finite composition series 

= A C A x C ■ • • C A i+1 = A 

of subobjects Aj of A such that Aj + i/Aj = q(A/p) for every i > j > 0. In 
particular, q(A/p) is the unique simple object of A-mod(p)/VAf(p). 

(iii) Any q(M) in A-mod(p)/VAf(p) has finite length equal to fi(M) . Thus, [q(M)} ^ 
/x(M) induces an isomorphism 

K G {A-mod{p)/VM{p)) = Z. 
We need the following lemma which can be proved literally as [18|, lem 2.25] 



because F P |G] is both left and right Noetherian ring without zero divisors and 
thus it has a skew field of fractions. 

Lemma 3.36. With the assumptions of the proposition let M be a torsion-free 
A/p-module of rank rkA/ p (M) = m. Then there exist free A/p-modules F, F' such 
that F C M, M C F' and both M/F and F'/M are A/ p-torsion, i.e. pseudo-null 
considered as A-module. In particular, for any A/p-module of rank m there is an 
isomorphism 

q(M) = q(A/p) m . 
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Proof. Let h : q(M) q(A/p) be a monomorphism in the quotient category. By 
P5| , I 2.9] there exists a diagram 



M A/p 







M' 

in A-mod(p) with / a pseudo-isomorphism in A-mod such that 

q(M) - -g(A/p) 



g(M' 



commutes. Since h is a monomorphism and q(f) an isomorphism, ker(g) must 
be in VN(p). Since M'/ker(g) C A/p, we can consider its A/p-rank which can 
be either 1 or 0. In the first case we conclude that g is a pseudo-isomorphism, 
i.e. q(g) is an isomorphism, while in the second case M'/ker(g) and hence M' is 
pseudo-null, thus q(M') = 0. This proves (i). 
For any M e A-mod(p), the canonical decomposition 

0C p MC p2 M C • • • C p mM = M 

for some m, induces a decomposition 

C q( p M) C q{ p 2M) C • • • C 9 ( r M) = q{M) 

with 

g( pJ+ iM)/g( p3 M) = q{ p]+ ,M/ p] M) = q{A/p) d >, 

where dj = rk\/ p ( p j+i M/ p jM) by the previous lemma. Since this filtration can 
be refined easily to a decomposition series of the desired kind, we are done. □ 

Corollary 3.37. The invariant fi is additive on short exact sequences of A- 
torsion modules. 

Proof. Since /x is additive on short exact sequences of p-torsion modules by the 
proposition it suffices to reduce the general statement to this case. Let 

^ X — »- Y — - Z — > 

be a short exact sequence of A-torsion modules. Choosing a number n such that 
the p-torsion parts of X, Y and Z are annihilated by p n , we obtain an exact 
sequence 

tor Zp X tor Zp r toiz p Z X/p n -^Y/p n . 

Considering the exact, commutative diagram 

tor Zp X ^ X/p n (X/tov Zp )/p n 



^ tor Zp Y ^ Y/p n (Y/tov Zp )/p n 0, 



24 



OTMAR VENJAKOB 



we see that ker(^) is pseudo-null by the following lemma, i.e. 

> tor Zp X tor Zp F >■ tor Zp Z *-0 

is exact mod VM . □ 

Lemma 3.38. Assume that G is a p-adic analytic group without p-torsion such 
that both A = A(G) and A/p are integral. Let M be a (not necessarily torsion) 
A-module. Then the following holds 

n(M/p) = fi( p M) = 0. 

Proof. Since (tor Zp M)/p C M/p by the snake lemma, it suffices to deal with 
the case that M is A-torsion. But then the additivity of the /z-invariant shows 
immediately that fi( p M) = fi(M/p). □ 

Lemma 3.39. Assume that G is a p-adic analytic group without p-torsion such 
that both A = A(G) and A/p are integral. Let M be a A-torsion module with 
tor Zp M = 0. Then 

(i) for any integer n > 1, the module M/p n is pseudo-null. 

(ii) tor^E^M) = 0. 

We will denote the annihilator in A of an element m e M by ann\{m) : = 
{A e A|Am = 0}. 

Proof. Since there is a surjection 

A/ann\(mi) -» M 

for a finite set of generators rrii of M, it suffices to prove (i) in the case M := A/ 1, 
where / is a non-zero left ideal of A. As M/p n is A-torsion we are done once we 
have shown the vanishing of E\(M/p n ). But 

E\(M/p n ) = E° A/pn (M/p n ) 

- Hom A/p „(M,A/p") 

Hom A (A//,A/p n ) = 0. 

Indeed, the vanishing of the latter module can be seen as follows: let tp : A — > A/p n 
be a non-trivial homomorphism of A-modules which factors through A/ 1, i.e. 
I C ann^(x modp n ) with x = ip(l) modp n . 

Claim: ann\(x modp n ) C pA. 

Let A e ann\(x rnodp"), i.e. Ax = p n y for some y e A and let n Q be the maximal 
integer with x e p n °A, i.e. x = p n °Xo for some Xq e A \ pA and n < n. Since 
the multiplication by p n ° is injective we obtain \x Q = p n ~ n °y = modp. Hence 
A e pA because A/p is integral. This proves the claim. 

The fact that P M = 0, implies I DpA = pi and regarding the claim it holds 

/ = / n pA = pi = . . . = p m I 
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2-") 



for any m > 0. Since p m tends to zero if m goes to infinity the ideal I must be 
zero, a contradiction. 

The second statement results from the first one regarding the exact sequence 



= E\M/p) — > E 1 (M) E 1 (M). 



□ 



We finish this section with a "structure theorem for the p-torsion part of A- 
modules." 

Theorem 3.40. Assume that G is a p-adic analytic group without p-torsion 
such that both A = A(G?) and A/p are integral. Let M be in A-mod(p). Then 
there exist uniquely determined natural numbers n 1; . . . ,n r and an isomorphism 
in A-mod(p) /VAf(p) 

M = A/p" 1 mod W(p). 

l<i<r 

Proof. Let m be minimal with the property: p m+iM = M. The theorem is proved 
using induction with respect to m. The case m = is just lemma 3.36| , so let m 
be arbitrary. Again by lemma [3.36| we are in the following situation: 

(A/p) d 







M 



M/ p mM 



0. 



where d is the A/p-rank of M/ p mM and the cokernel of i is pseudo-null. Replac- 
ing M by the pull-back with i, we may assume that M/ p ™M = (A/p) d . Since 
(A/p m+l ) d is free in the category of A/p m+1 -modules, we obtain easily the follow- 
ing exact and commutative diagram 







(A/p 



m\d 



M 



(A/p m+1 ) d 

i> 

M- 



pr 



(A/p) d 
(A/p) d 







where A^ is by definition the cokernel of ip respectively (p. First we will show that 
ijj and hence also ip is injective. Since (A/p m+1 ) d - being of projective A-dimension 
1 - does not contain any proper pseudo-null A-submodule, it suffices to prove that 
ker (■?/>) is pseudo-null. Assuming the contrary, i.e. that /i(ker (?/>)) ^ 0, it follows 
that fi(pm+i K/pmK) < d for the image K of ip because for an arbitrary p-torsion 
A-module A^ rkA/ p ( p i+iA^/ p iA^) > rkA/ p ( p i+2A^/ p i+iA^) holds for any i > 0. But this 
contradicts the surjectivity of pr o ip. 

To prove the theorem we only have to show that ip has a co-section in 
A-mod(p)/VAf(p), i.e. that the short exact sequence in the left column splits. 
Indeed, then a section A^ > p mM would give rise to a section A^ e — > M, i.e. 
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M = N © (A/p m+l ) d , and by the assumption of the induction N is already of the 
desired form. Here and in what follows we are arguing in the quotient category 
A-mod(p)/VAf(p), though we omit the functor q in the notation of maps and ob- 
jects for simplicity. 

Again by this assumption, the module p mM is isomorphic to a module of the 
form (A/p rn ) d ' © ®.jA/p n % where < m. Assume first that d — 1. We claim 
that the image of ip is mapped surjectively onto one of the factors A/p m under 
the correspondent projection. Indeed, it is easy to see that otherwise the image 
would be contained 111 p-m—l M, which contradicts the injectivity of (p. Counting 
/i-invariants, we see that <p followed by the projection onto such a factor gives an 
isomorphism and therefore induces the desired co-section. If d > 1 we make the 
same procedure iteratively for every factor of (A/p m ) d after first splitting up the 
image of the previous factor (s). The theorem follows because the uniqueness can 
be deduced easily from the decomposition 

0C p MC p2 M C • • • C pm M = M 

counting A/p-ranks. □ 

Remark 3.41. If one replaces p e A(G) by any element / in the center of A(G) 
such that (/) := A(G)f is a prime ideal, i.e. such that A(G)/(f) is integral, 
then one gets analogous results concerning the "/-torsion part" {m e M\f n m = 
for some n} of M. In particular, one obtains further invariants fif for these 
prime elements. 



4. Spectral sequences for Iwasawa adjoints 

In the previous section we have seen that the functors E l (—) play an essential 
role in the dimension theory of A-modules. In this section we will mention some 
techniques which sometimes allow to calculate these adjoints in applications when 
A is the Iwasawa algebra A(G) of a profinite group G. A part of the results stems 
from U. Jannsen (p2|) whom I would like to thank heartily for giving me his 



manuscript on a spectral sequence for Iwasawa adjoints ( [p3fl ) . 

We shall write T>(G) and C(G) for the categories of discrete and compact A- 
modules, respectively, whereas we denote the full subcategories of cofinitely and 
finitely generated modules by V c f g (G) and Cf g (G), respectively. 

Now, let G = H x T be the product of profinite groups H and T. Assume that 
A(G) is Noetherian and that T is separable, i.e. it possesses a countable ordered 
system of open normal subgroups T n as a basis of open neighborhoods of 1 e V. 
Let (V c f g (G)) n be the category of inverse systems in V c f g {G) and consider the 
left exact functor 

T r : V cfg (G) - (V cfg (G)) N , 

which sends B to the inverse system {B Vn+1 — ? B Fn }, and 

limHom A(H) (- v , A(H)) : (V cfg (G) f - A(G)-Mod. 
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Here the action of F on / e Hom.\(H)(M, A(iif)) for M e C(G) is defined by 
(7/) (m) := /(7 _1 m), whereas h e H acts by the rule (hf)(M) := f{m)h~ 1 as 
usual. 

Since the category (£> c j 9 (G)) N has enough injectives, because V c f g {G) has ( pT| , 
Prop. 1.1), we can form the right derived functors 

R l T r (B) = {E l (T n+1 ,B) ^ H J (r n , B)} 

and 

^(limHomA^CS^A^))), 

n 

which equals 

limMom A(H) (B v ,A(.£0) 

n 

(cf. [^TJ Prop. 1.2, 1.3), if we restrict ourselves to elements of the subcategory 
(D') N where V is the abelian subcategory of V c f g {G) consisting of A(G)-modules, 
which are cofmitely generated over A(H). Indeed, in this case, the modules 
HoniA(#)(I?^, A(H )) are compact, i.e. the inverse limit functor is exact on the 
corresponding inverse systems. Since PJHom^H^— , A(H)) extends the functors 
E A ^(— ) naturally from C(H) to Cf g (G), we will write also E A( ^(— ) for the first 
functor. Note that it is endowed with a natural T-action. 

Lemma 4.1. The functor Tr sends injectives to limHomA(//)(- v , A(H))-acylics. 

n 

Proof. It suffices to prove that Z p [iif ][r/r n ] is HomA( ff )(- , A(if ))-acyclic. But, 
for any resolution of Z p [/f|[r/iV| by A(G)-projectives 

P'^Z P IH][V/V n l 

the sequence 

- Kom A{H) (Z p lH][r/r n ],A(H)) -> Hom A(H) (P', A(H)) 

is exact, because both, Z p [ff| [r/T n ] and the P\ are projectives in C(H) (cf. |27J 
(5.3.13)). The result follows by taking homology. □ 

The Grothendieck spectral sequence for the composition of the above functors 
gives 

Theorem 4.2. With notation as above, there is a convergent cohomological spec- 
tral sequence 

hmEi (if) (ff(r n ,S) v )^E^ G) (S v ) 

n 

for any B in V c f g (G). 

Note that all modules that occur in the spectral sequence are compact A{G)- 
modules. 
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Proof. The functor 



A(G) 1 



— ) is the composition of the functors Tr and 



lim HoniA(jj)(— v , A(H)), because by lemma fO] we have isomorphisms of A(G)- 

n 

modules 



E° (G) (5 V ) = Hom A(G) (5 v ,Z p [tf])[r]) 

= limHom Zpm[r/rn] (( J B v ) rn ,Z P IiJ][r/r n ]) 

n 

= UmRom A{H) ((B r ")\A(H)). 



Now the result follows by lemma [11 



□ 

Recall that there is a canonical A(if )-homomorphism 

7i n ■ z p {H][T/T n ] -> Zp[ir], 2J s ^ °i> 

9 e r/r„ 

and, for any m > n, a canonical A(G)-homomorphism p m) „ : Z p [i/] [r/r m ] — > 
Z p [i7][r/r n ] which sums up the coefficients of the same r n -cosets. 

Lemma 4.3. The homomorphisms ir n and p m .n induce a commutative 
diagram of A(G) -modules: 



Eom ZpmT/ r m] (M Tm ,Z P lHl[T/T m })Z^ Hom ZpM (M rm , Z P {H\) 



(pm,n) * 



Ar r n /r„ 



Rom ZplHW/ rjM rn ,Z P lH][V/V n }f n ^ Hom ZpM (M r „, Z p \H\) 

Proof. It is easily checked that the diagram commutes and that the inverse 
of (7r n )* is given by ip 1— > (m 1— > e r / rn ij){g~ l m)gY n ). (Note that the T- 
invariance of a homomorphism 0(m) = ^ <fi(rri) g gY n is equivalent to <fr('-f~ 1 m)i = 
0(m) 7 for all 7 e T.) Recalling that 7 e T acts by (70)(m) := 0(7 _1 m) on 
Hom Zp [f/][r/r„](M r „, Z p [i/] [r/T n ]), it is also immediate that (n n )* is A(G)-invariant. 

□ 

Corollary 4.4. IfT contains an open subgroup of index prime top and isomor- 
phic to Z p , then there is a long exact sequence of A(G) -modules 



limEX (ff) (M r J EX (G) (M) limE^A/ 1 ^) UmE A +^(M r „) - E^(Af) 

n n n 

Now we are going to present further spectral sequences due to U. Jannsen which 
were in some sense the models for the first one proved in this section. The next 
one describes the Iwasawa adjoints of certain cohomology groups associated with 
p-adic representations. So let G be a profinite group and Goo a closed subgroup, 
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such that its quotient has a countable basis of neighbourhoods of identity, i.e. 
there is a countable family G n , G^ C G n C G, with f] n G n = G^. Furthermore, 
let A = (Qp/Z p ) r for some r > 1 with some continuous action of G. We shall 
write 

T p A = Hom(Q p /Z p , A) = \im p mA 

m 

for the Tate module of A. Then there is the following convergent spectral sequence 
(H): 



Theorem 4.5. (Jannsen) 

= E^H^Goo, A) v ) => \imW + \G n ,T p A) 



Corollary 4.6. Assume cd p (G) < 2. Then the exact sequence of low degrees 
degenerates to 

> E 1 (A(fc oc ) v ) Jim H^Gn, T P A) . E (H 1 (G oo , A) v ) 



E 2 (A(A; 00 ) V ) ker(lim H 2 (C7 n , T P A) E (H 2 (G oo , A) v )) 

n 

E^H^Gqo, AY) E 3 (A(fc 00 ) v ) 0. 

The next result, which relates the (compact) A-modules E l (M) to the discrete 
G- modules 

A(M V ) := lim Ff'([/,M V )* , i > 0, 

C/C D G 

is derived by some spectral sequences, too, but we only state the associated long, 
respectively short, exact sequences: 

Theorem 4.7. (Jannsen) Let G be a profinite group such that A(G) is Noether- 
ian. Then, for any finitely generated A-module M, there are functorial exact 
sequences 

(i) 

A(M V ) ® Zp Qp/Zp E i (M) v tor Zp A-i(M v ) > 0, 

for all i, where by definition A(M V ) = for i < 0. 



— -E i (M) v — -lim A( P -(M V )) — .lim A- 2 (M v /p m ) — ^-\M) 

m m 

and the following isomorphisms 

(hi) E l (M/tor Zp M) v = limA( P ™(M v )), 

m 

(iv) E i (tor Zp M) v = limA-i(M v /p m ). 
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Proof. See K2 2.1, 2.2 or K7J theorem 5.4.12. 



□ 



For the duality theorem in the next section the following corollary will be crucial. 

Corollary 4.8. Assume that G is a duality group at p of dimension n with du- 
alizing module Dn^ = \imD n (Z/p m 7i). Then the following holds: 

m 

(i) If M is A-module which is free of finite rank as lip-module, then 

Hm D n {{M/p m Y) M ®z v ifi = n, 

m 

otherwise. 

(ii) If N is a finite p-primary A-module, then 

Hom Zp (iV v ,rf) ifi = n + l, 



E*(M) V 



K(Ny 



Proof. See pi 2.6 or |E7J 5.4.14 







otherwise. 



□ 



Proposition 4.9. Let G be a compact p-adic analytic group without p-torsion, 
H C G a closed subgroup and M a finitely generated A(H) -module. Ifd^c) (resp. 
d\(H)) denotes the (projective or 5-) dimension of A(G) (resp. A{H)), then the 
following holds: 

(i) j A(G) (IndfM) = j A (H){M), 

(ii) S A(G) (Ind%M) = 5 A{H )(M) + d A (G) - d A(H) , 

(iii) pd A(G )(IndgM)=pd A(H) (M). 



Proof. This is a consequence of 2.7, 3.5, (IT), and 6.3 



□ 



Lemma 4.10. Assume that G = H x T is a p-adic Lie group without p-torsion 
where T contains an open subgroup of index prime to p which is isomorphic to 
Tip. Let M e C(G) be finitely generated and torsion as A(H)-module. Then M is 
a pseudo-null A(G)-module. 



Proof. By the corollary [4.4| , there is an exact sequence 

J™ E W M rJ E A(G) (M) — . ^K( H) (M^ 



0. 



So, if we can show that the left term vanishes, we are done, because then 
E 1 E 1 (M) = = E°E°(M). Consider the commutative exact diagram 



M—^M- 



Mi 



M 



M 



Mr 
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where cu n = 7 P ™ — 1 for some generator 7 of Z p C T. Since M is assumed to be 
A(if )-torsion, we get the commutative exact diagram 







Ei (fl) ( Mr » 



(M) 



*- A(H) 



(M) 



pi 



E A(i/) 



(M) 



"V E 1 



A(tf) 



(M). 



Passing to the limit, we obtain 

limEi (H) (M r J C hmE^M) = lim f| ^\ {H) {M) = 0, 



n m>n 



because — tends to zero. 



□ 



Remark 4.11. The same arguments show that Sg(M) < Sh{M) for any finitely 
generated A (if) -module M. 

Besides the case G = Zp 1 these results apply also to the following situation where 
G is an open subgroup of Gld(Z> p ), d is prime to p, such that the determinant 
takes values in T := det(G) C Z p C Z*. at least if . Indeed, we have the following 
exact commutative diagram 



si d {i p ) n G 



G/ d (Z p ) Z 



G 



- 1 



in which the lower sequence possesses the following splitting 



s : T ^ Z„ 



G, a 



/ a 1 ^ 



V 



.1/d 



.1/d 



(Note that T = Z p is considered as subgroup of the units and that Z p is uniquely 
d-divisible. Furthermore, if the image of this homomorphism is not contained 
in G, we just apply the theory to an open subgroup U of G which fulfills this 
condition with respect to det(U) and contains H := Sld{1> p ) H G. Such U always 
exists because G/d(Z p ) is p-adic analytic, i.e. the lower p-series forms a basic of 
neighborhoods of the neutral element. Hence at least for some m the image of p m T 
is contained in G : s{a pm ) = s(a) pm e P m {Gl d ) C G. Take [/ := det _1 (p m r) n G.) 
Since the splitting takes values in the center of G, we get a presentation of G as 
the direct product G = H x Z p . 
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5. Local Duality 

In this and the following section let A = A(G) = Z P [G] be the completed group 
algebra over Z p , where G is a pro-p Poincare group, such that A is Noetherian, 
971 the maximal ideal of A and k = A/971 = F p its finite residue class field. It 
is well known that the global homological dimension of A is d = cd(G) + 1. By 
A-Mod we denote the category of (abstract) modules over the (abstract) ring A 
and we write A-mod for the full subcategory of finitely generated modules. In 
the sequel we will use frequently the equivalence of the latter category with the 
category of finitely generated compact modules. 

Definition 5.1. For a finitely generated A-module M, we define the depth by 
depth(M) := min{i | Ext A (/c, M) ^ 0}. 

Recall that for a commutative Noetherian ring A the /-depth depth i(M) of a 
finitely generated A-module M with respect to an ideal / is the maximal length 
of a M-regular sequence in I. For a local ring the depth(M) is depth%n(M) , 
while the grade defined in is j(M) = depth ann tM\(A), where ann(M) is the 
annihilator of M in A. 

We consider the additive functor T^ji(— ) : A-Mod — > A-Mod defined by T^M) : = 
{x e M | m l x = for some 1 } and state some basic properties: 

Lemma 5.2. (i) T m (M) = lim Hohia (A / DJl 1 ,M), 

i 

in particular, the functor Tgji(—) is left exact. 
(ii) The restriction of Tyx to A-mod equals To, i.e. T<xfi(M) is the maximal finite 
submodule of M, if the latter module is finitely generated. 

Proof. Since Rom A (A/Wl l , M) = {x e M \ Tl l x = 0}, the first statement is 
obvious. If M is finitely generated, there is some I such that 9Jt'To(M) = 0, i.e. 
To(-W) Q r«xn(M). On the other hand A/9J1 1 is a finite ring. Therefore Aa; C 
T (Af) holds for any x e T m (M). □ 

Since A-Mod has sufficiently many injectives, we can form the right derived func- 
tors 

J4tR = R^mH = hmExt A (A/971', M) 

i 

(noting the exactness of direct limits in A-Mod ). We write 

A-Mod«»i, A-modgji 

for the full subcategory of A-Mod , A-mod respectively, consisting of those mod- 
ules M, for which H^(M) = M holds. 

£>(A-Mod) (resp. C(A-Mod)) 

means the category of discrete (resp. compact) A-modules, where A is endowed 
with its canonical (m, J)-topology. 

Lemma 5.3. H^— ) commutes with direct limits. 
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Proof. Choose a resolution P. of A/DJl 1 by finitely generated projectives in order 
to calculate Ext\(A/Wl l , M). Since B.om\(Pj, — ) commutes with direct limits (as 
Pj is finitely generated, i.e. any homomorphism : Pj — > limMj factors over 

i 

some Mi), Ext\(A/Wl l , — ) does also and the lemma follows. □ 

Proposition 5.4. The forgetful functor defines an equivalence of categories 

V(A-Mod) 2* A-Mod m . 

Proof. Both categories consists exactly of direct limits of finite modules (cf. |2T| , 
Prop. (5.2.4)] for P(A-Mod)). □ 



Lemma 5.5. (i) R^A-Mod) C A-Mo<kn £ V(A-Mod) for all i > 0. 
(ii) For any M e A-mod, it holds depth(M) = min{z | W m (M) ^ 0}. 
(hi) depth(A) = d and H^(A) = A v . 

(iv) HomA(M, H^(A)) = M v for all M in A-Mod%n or in A-mod , in particular, 
Hsjjj(A) is an infective A-module. 

Proof. Since H l m (—) are the derived functors of Hg n (— ), it suffices to prove (i) for 
the latter functor. But in this case the statement holds just by definition. 

Now we will prove (ii) and set k = min{i | W m {M) ^ 0}. Since 
Ext\( A /Wl l ,M) = for all i < depth(M) (note that A/Wl 1 has a finite com- 
position series with subquotients isomorphic to k), it holds depth(M) < k. So we 
only have to prove that H J m (M) ^ for j = depth(M) < oo. But the short exact 
sequences 

Wl/Wl 1 A/971' k — - 

induce the long exact sequences 

= Ext^ 1 (Wl/Wl 1 , M) — - Ext^fc, M) — - Ext{(A/Wt l , M) 

i.e. ^ Ext J A (£;,M) C W m (M). 

Using [O] and denoting the character of the dualizing module by x, we calculate 

f lim (A/971' (x)) v = A V if % = d 
H^j(A) = ffinE*(A/9Jt i ) = < ~T 

i ) [ otherwise, 

whence (iii) follows. In order to prove (iv) first let M be in A-Modgji, i.e. M = 
limMj for some finite A-modules Mj. Then, noting that Mi is a A /9Jt Z( ^ -module 

i 
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for some and using the adjunction of "Horn and <S>", 

Hom A (M,H^(A)) = Hom A (limM i , lim (A/9Jt') v ) 

i I 

= limHom A (Mi, lim(A/9Jt') v ) 

i I 

= limHom A (M i ,Hom Zp (A/^«,Q p /Z p )) 

i 

= lim Hom Zp (Mi, Qp/Zp) 

i 

= M v . 

Now let M be in A-mod . Then, noting that Hom A (M, — ) commutes with direct 
limits, because M is finitely generated, 

Hom A (M,H^(A)) = Hom A (M, lim(A/^) V ) 

i 

= limHom A (M, (A/Wl l ) v ) 
i 

= limHom A (M/Sm',Hom Zp (A/QJt',Qp/Z p )) 
i 

= hmHom Zp (M/^,Q p /Z p ) 
i 

= M v . 

□ 

After this technical preparations we are able to prove the following 

Theorem 5.6. Let G be a pro-p Poincare group with d := cd(G) + 1 < oo and 
such that A = A(G) is Noetherian. Then, for any M e A-mod, 



K(M) = Hom A (H^(M),H^(A)) = H^(M) V =: T(M). 

Proof. Consider the right exact contravariant additive functor 
T°(-) = H^(M) V on A-mod (note that ff OT (M) = for all i > d as A has 
global dimension d). By |30], Thm. 3.36 and Remarks ] there is a natural equiv- 



alence of functors 

T°(-) = Hom A (-,T°(A)) = Hom A (-,A) 

on A-mod . Therefore, it suffices to show that the functors T*(— ) are the left 
derived functors of T°(— ). But {T*(— )}j> is a universal ^-functor because they 
are effaceable by projectives in A-mod (Since T° is additive, it is sufficient to 
verify that HJ OT (A) = for all i < d, which is done by lemma |0] (iii)). □ 
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6. AUSLANDER-BUCHSBAUM EQUALITY 

In this section we assume the same conditions on A as in the previous one and, 
under this conditions, we are going to prove the Auslander-Buchsbaum equality 

pd(M) + depth(M) = depth(A) 

for all M e A-mod. In the theory of commutative local rings this equality can 
be proved using regular sequences. Since this concept is lacking in the non- 
commutative theory, we will have to replace it by homological methods, i.e. we 
will work in derived categories. Our proof is analogous to J0rgensen's proof of the 
Auslander-Buchsbaum equality in the case of (non-commutative) graded algebras 
over afield (cf. H). 

First, we recall the definitions of total Horn and total tensor product. Let 
X, Y e K(A-Mod) and define 

(Hom A (X,y)r = J] Rom A (X\Y i+n ), d n = + (-l) n+1 d^ n ) 

i e Z i 

and 

(x ® A Y) n = 0r® A Y j , d n = (4 ® i + (-i) n ® 4). 

i+j=n i+j=n 

They become bifunctors 



Hom A (-, -) : K(A-Mod) op x K(A-Mod) -> K(Z p -Mod), 

- <g>A - : K(Mod-A) x K(A-Mod) -> K(Z p -Mod), 

where we denote by Mod-A the category of right A-modules. Note that the latter 
category is equivalent to A-Mod due to the involution on the group algebra A. 
Moreover, if Y is a complex of bi-modules, then the values of Houla(— , Y) are in 
K(Mod-A), if X is a complex of bi-modules, then X® A — has values in K(A-Mod). 

Since A-Mod has enough projectives, the derived functors exist (cf. JlT], Chap. I, 
Theorem 5.1] or |36], Thm 10.5.6]): 

RHom A (- -) : D-(A-Mod) op x D (A-Mod) -> D(Z p -Mod), 

respectively 

RHom A (-, -) : D~(A-Mod) op x D(A-Mod-A) -> D (Mod-A) 



and 

respectively 



5 A - : D (Mod-A) x D~ (A-Mod) -> D(Z p -Mod), 



4 



D (A-Mod- A) x D~ (A-Mod) -> D (A-Mod). 



RHom, respectively (g> L , is computed via a projective resolution in the first, re- 
spectively second variable. 
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Proposition 6.1. Let Y e B b (A-Mod-A), Z e B b (A-Mod) and let 
X e JD b (A-Mod) be a bounded complex which is quasi-isomorphic to a bounded 
complex consisting of finitely generated free A-modules. Then 

RHom A (X, Y ®\Z) = RHom A (X, Y) ®\ Z. 

Proof. (See [|4], Proposition 2.1] for the case of graded algebras over a field.) 

Replacing X with a quasi-isomorphic complex L e D 6 (A-Mod) consisting of 
finitely generated free A-modules and replacing Z with a quasi-isomorphic com- 
plex F e D~(A-Mod) consisting of projectives, we see that we have to prove 

Hom A (L, Y ®a F) = Hom A (L, Y) ® K F. 

But due to the boundedness condition and the fact that L consists of finitely 
generated free modules, the nth module on either side becomes 

Hom A (L\ Y j ) ® A F n+i " J 
while the differentials on each summand Hohia(£\ Y^) ®a F n+l ~i are given by 

4" 1 ® 1 + 4 ® (-ly-*- 1 + (-l) n ® d n F +i ~ j , respectively 

4" 1 <g> 1 + 4 ® (-1)™ + ® 

We will construct an isomorphism between the two complexes: If the minimal 
non-zero module of each of the complexes is Hom(L*°, Y^°) <g> AF no+?0_J, °, then 
the multiplication by suitable signs on the summands associated to the triple 
of indices (a,b,c) = {i,j,n + % — j) defines an isomorphism of complexes. For 
example, we can choose these signs by the following rules, which determine them 
uniquely: 

(i) sign((i ,j ,n + i - j )) = 1, 

(ii) sign((a + 1, b, c)) = sign(a, b, c), 

(iii) sign((a, b + 1, c)) = (— l) c sign((a, b, c)), 

(iv) sign((, a,b,c + 1)) = (-l) c+b+1 sign((a, b, c)). 

□ 

In the proof of the next theorem we use the notation 

a> n (Y) := ^ Y n /im(Y n - 1 ) ^ Y n+1 >■ Y n+2 »■ • • • 

for the truncation of a complex Y at the degree n. 

Theorem 6.2. (Auslander-Buchsbaum equality) For any M e A-mod, it holds 

pd A (M) + depth A (M) = depth A (A). 

Proof. (See [53, Thm 3.2] for the case of graded algebras over a field.) 

Regard k, M, A as complexes concentrated in degree zero. Then the invariants 
in question are related to each other by the following isomorphism 

RHom A (fc, M) ^ RHom A (fc, A ®\ M) = RHom A (A;, A) ®\ M, 
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where we use proposition p.l\ . Choosing a minimal free resolution L of M (see 
Appendix) and noting that the truncation 

T = <x> d (RHom A (£;,A)) 

is quasi-isomorphic to RHom A (A;, A), we can replace the right term by T cg> A L. 

The lowest non-zero module in T is T d with d = depth (A) while the lowest non- 
zero module in L is L~ pd( - M ^ according to Appendix, corollary |7.2| . So the lowest 
non-zero module in T® K L becomes (T<g> A L) d ~ pd(M) = T d <g> A L" pd(M) . Obviously, 
depth(M) > d- pd(M), because depth(M) = min{z | H*(RHom A (£;, M) ^ 0}. 
So we need to see that H d_pd ( M ) (T £g> A L) is nonzero. 

However, k = Ext^(A;, A) = ker(rfy) C T d and the "beginning" of the complex 
T ® a L looks like 

T d ® A L- pd ( M ) T d ® A L-P d ( A/ ) +1 © T d+l ® A L- pd ( M ) — - • • 

Now it holds that 

^ ker(4) ® A L~ pd ( M ) C ker(4- p L d(M) ) = R d ^ d i M \T ® A L). 
Indeed, for t ® I e ker(d£) <g) A L~ pd(M) , we have 

47l (M \t ® = ® * + (-i) d - pd(M) t ® dl pd{M \l). 

The first summand is zero because t e ker(c£f) while, due to the minimality 
of L (cf. Appendix, proposition [7J] (ii)), the second one lies in ker(dy) ® A 
2JtL d- P d(M)+i ^ A/OJt ® A 9JtL d - pd ( M ) +1 = 0. □ 

Corollary 6.3. If M is a finitely generated A-module, then 

pd(M) = max{i | E*(M) ^ 0}. 

Proof. Using lemma ^3] (ii) and local duality, we get 

pd(Af) = d-depth(M) 

= d - min{z | Hjjjj(M) ^ 0} 
= max{i | E*(M) ^ 0}. 

□ 

Remark 6.4. The statement of the last corollary holds over an arbitrary Noe- 
therian ring for a finitely generated modules M with finite projective dimension 
pd A M and can be proven directly in the following way. Consider a projective 
resolution of minimal length 

— * P n P n _i^ P — — *0. 

Then the (n — l)th syzygy K = ker(d n _ 2 ) has projective dimension pd A K = 1, 
i.e. ~DK ~ E 1 (_ft') = E n (M). Hence, E"(M) cannot vanish because otherwise K 
would be projective. 
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7. APPENDIX: Minimal RESOLUTIONS 



For lack of a reference we give the proofs of some basic facts on minimal resolu- 
tions. Let A = Z P |G] the completed group algebra over Z p of a finitely generated 
pro-p-group G and k = A/971 = ¥ p its residue class field. We assume that A 
is Noetherian. For any finitely generated A-module M we have the minimal 
representation 

A d ° — »*- M 

with do = dinifc M/9JIM by the Nakayama-Lemma. Proceeding in the same 
manner for ker((^ ) and d\ = dim fc ker(<^ )/9Jtker(<^ ), we construct a minimal 
free resolution 

F, : * A d " A**" 1 — A dl — A* M — 0. 

It is easily verified that F, is determined by M up to isomorphism of complexes. 
Proposition 7.1. Lei M &e a finitely generated A-module and 



F, : ^^F^^V , Fl -^Fo — 0. 

a free resolution of M. Then the following are equivalent: 

(i) F, is minimal, 

(ii) (PiiF^CMF^for alli>l, 

(iii) rk A (F) = dim fc Torf (M, k) for all i > 0, 

(iv) rk A (F) = dim fc Ext A (M, k) for all i > 0. 

Proof. The equivalence of (i) and (ii) follows easily from Nakayama's lemma. 
Since Torf (M, k) = Hj(F. <g> k), (iii) holds if and only if Vi <g> k = for all i > 0, 
which is equivalent to (ii). Using Ext A (M, k) = H i (Hom A (F., k)) the equivalence 
of (ii) and (iv) follows similarly. □ 

Corollary 7.2. Let M be a finitely generated A-module. Then 

pd(M) = max{i | F t ^ 0} 

= max{i | Torf(M, k) ^ 0} 
= max{i | Ext A (M, fc) ^ 0} 
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